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In this paper, the authors consider a hospital as a multichannel queueing system that serves two
different arriving Poisson flows of urgent and non-urgent customers (patients). The distribution
of the service time is assumed to be exponential with different parameters for each kind of pa-
tients and priority for urgent patients. The results of the article are illustrated by several numerical
examples obtained with the help of Mathematica program and can be easily applied to any hospi-
tal or its department.
Ðàññìîòðåíà áîëüíèöà êàê ìíîãîêàíàëüíàÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ, êîòîðàÿ
îáñëóæèâàåò äâà ðàçëè÷íûõ âõîäÿùèõ ïóàññîíîâñêèõ ïîòîêà: ñðî÷íûõ è íåñðî÷íûõ ïîëü-
çîâàòåëåé (ïàöèåíòîâ). Ðàñïðåäåëåíèå âðåìåíè îáñëóæèâàíèÿ ýêñïîíåíöèàëüíîå ñ ðàç-
ëè÷íûìè ïàðàìåòðàìè äëÿ êàæäîãî âèäà ïàöèåíòîâ è ïðèîðèòåòîì â îáñëóæèâàíèè
ñðî÷íûõ ïàöèåíòîâ. Ïðèâåäåíû ÷èñëåííûå ïðèìåðû, âûïîëíåííûå ñ ïîìîùüþ ïðîãðàì-
ìû Mathematica. Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü ïðèìåíåíû ê ëþáîé áîëüíèöå èëè åå
îòäåëåíèÿì.
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Introduction. A great deal of effort has been devoted to determine the allocation
of the number of beds in a hospital department for the emergency patients so that
the probability of refusal of such patients for immediate service is minimized. In
allocating beds to different departments of a hospital, the overall objective is to
balance the occupancy rates with the number of beds, subject to the constraint
that emergency patients should be immediately admitted. G.Vassilacopoulos
[1] developed a general priority queueing simulation model to determine the bed
needs of hospital inpatient departments to meet daily community demand for in-
patient care. By integrating queueing theory and compartmental models of flow
F.Gorunescu [2] demonstrate how changing admission rates, length of stay and
bed allocation influence bed occupancy, emptiness and rejection in departments
ISSN 0204–3572. Ýëåêòðîí. ìîäåëèðîâàíèå. 2010. Ò. 32. ¹ 5 93
of geriatric medicine. Their results show why 1015 % bed emptiness is neces-
sary to maintain service efficiency and provide a more responsive and cost effec-
tive service. Using discrete event simulation and hypothetical hospital data,
A.Bagust [3] showed that regular bed crisis occur when medical bed occupancy
is greater than 90 % and a risk of failure to admit occurs at occupancy rates above
85 %. S.Fomundam [4] surveys the contributions and applications of queuåing
theory in the field of healthcare. The authors provide sufficient information to
analysts who are interested in using queueing theory to model a healthcare pro-
cess and want to locate the details of relevant models.
In this paper, we consider a hospital (or each of its departments) as a large
and complex queueing system with incoming flow of different kinds of arriving
patients who need urgent or non-urgent help. Statistical analysis shows that both
input flows of incoming patients and the service processes in the hospitals are
usually rather complicated stochastic processes which makes researchers to use
simulation as almost the only method of the analysis of the corresponding
problems [1, 5].
However, analytical methods of queueing theory undoubtedly have an obvi-
ous advantage over simulation because they make it possible to find important
characteristics of the system in an explicit form which is convenient for future
analysis and optimization. These characteristics are, for example, the optimal
number of beds for urgent and non-urgent patients [6], optimal distribution of
other hospital facilities [7, 8], doctors and ambulance teams, virtual and real pa-
tient’s waiting time and the length of queues of patients in different departments
(which is especially important for the functioning of the emergency room) [9,
10], probabilities of refusals in hospitalizations of urgent and non-urgent pa-
tients, and others [6]. All this opens a way to solve many important optimization
problems that arise in hospital practice that, in most cases, cannot be solved by
simulation. Analytical queueing models ‘are simpler, require less data and
provide more generic results than simulation’ [4].
In this paper, the authors describe a hospital in terms of queueing theory and
use analytical methods of this theory to find the optimal number of hospital beds
for urgent and non-urgent patients taking into account that urgent patients may
need immediate help after their arrival to the hospital. Formulas obtained in the
paper are illustrated by many numerical examples from hospital practice.
Arriving process. When considering a hospital as a queueing system, it is
important to distinguish between non-urgent patients and patients who arrive to
the hospital because of urgent needs (urgent patients) suffering from heart at-
tack, stroke, accidents, etc. While non-urgent patients usually do not need imme-
diate attention, the urgent patients are supposed to be served as soon as possible
after their arrivals to the hospital. Another difference between these two kinds of
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patients is that, according to many authors investigating similar problems, arriv-
ing process of patients who need urgent help usually is statistically close to Pois-
son random process, while patients arriving to the hospital because of non-ur-
gent needs may form a random process of any nature.
Service time. In queueing theory, ‘service time’ means random time neces-
sary to serve a single customer arriving to the system. If we consider a patient as
a customer and a bed as a server then the service time in such a queueing system
will be the duration of time of a patient being in a hospital. This random variable
may have different distributions for each department.
Determining these distributions is an important part of the analysis of any
queueing system. If as a result of this statistical investigation the distribution of
the service time turns out to be in a rather general form, the analytical solution of
the corresponding queueing problem may be difficult, or even impossible. That
is why in practice sometimes the real distribution of service time is approxi-
mated by exponential for which an analytical solution can be found. In this pa-
per, we suppose that the service time has an exponential distribution (but differ-
ent for urgent and non-urgent patients).
Service discipline. Since it is extremely important to have an available
server at the moment of an urgent patient’s arrival, the service discipline is ar-
ranged according to the following rule (we will call it ‘one-threshold level ad-
mittance policy rule’). The total number of beds is divided in two parts, n basic
and m reserved, such that if at the moment of a patient’s arrival, the number of
occupied beds is r, r < n, then the arriving patient is immediately accepted for ser-
vice. However, if at the moment of a patient’s arrival, the number r of occupied beds
is such that n  r < n + m, then the patient is accepted for service only if he is an ur-
gent patient; otherwise, he is refused for service and leaves the system. If at the mo-
ment of a patient’s arrival all beds are occupied, then he is refused for service and
leaves the system regardless if he is an urgent or non-urgent patient.
The probabilities of the refusals in service of non-urgent and urgent patients
are denoted by 1 and  2, respectively. They are the most important parameters
of the system performance (in queueing theory such systems are called systems
with refusals). We suppose that both urgent and non-urgent patients arrive to the
hospital according to two different and independent Poisson processes with parame-
ters1 and 2, respectively. We also suppose that the duration of a patient staying in
the hospital (service time) has exponential distributions with parameters 1 and
2for urgent and non-urgent patients, respectively. Here the parameters 1 and  2
are the average number of patients daily arrived to the department and 1, and
2 are the average number of patients being served per day in the department.
The goal of the paper. The goal of this paper is to solve the following two
optimization problems:
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1. Given the total number of beds in a hospital (or in one of the departments),
find the number of reserved beds such that the probability of the refusal in imme-
diate service for urgent patients is minimized provided that the probability of the
refusal of non-urgent patients is reasonably small.
2. Given the values of 1 and  2, find the minimum number of beds in the
department so that optimal division of the number of beds for urgent and non-ur-
gent patients is possible.
Method of solution and criteria of optimality. In this paper, a hospital (as
well as each of its departments) is considered as a multichannel queueing system
that consists of a certain number of identical servers (beds). Each server can
serve only one customer (patient) at a time. The patients arrive to the system ac-
cording to two independent Poisson processes with parameters1 and 2 and are
served according to the service discipline described above.
The distribution of the service time is exponential with parameters1 and2
for non-urgent and urgent patients, respectively. It can be seen that under these
assumptions the main queueing process (the number of beds in the system at the
instance t) is a discrete Markov process (a Markov chain). It enables us to use
some of the results obtained in [6] where a similar queueing system is consid-
ered. Here the authors derive a system of Chapman-Kolmogorov differential
equations describing the main queueing process and solve it using the method of
generating functions. The ergodic probabilities of the states of the system are
found and it is shown that the probabilities 1 and  2 of refusals in service of
non-urgent and urgent patients are:
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Since an urgent patient’s health condition may be life threatening, we want the
probability 2 of refusal in immediate service for urgent patients to be less than a
certain predetermined small number (say 10–5). This number is supposed to be
chosen by the administrator of the hospital (department). At the same time we
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want to keep the probability 1 of refusal in immediate service for non-urgent
patients to be reasonably small (for example, we can require 1 .15. This means
that more than 85 % of non-urgent patients are hospitalized on the day of their ar-
rival). Therefore, in this situation there are two optimization problems related to
the hospital practice.
Optimization criteria 1. Given m + n = c, c = constant, find m such that1 .15
and  2 10
–5, where c is the total number of beds in the department, and 1and
 2 are given in (1) and (2) (see example 1 below).
Optimization criteria 2. Given the optimization restrictions1 .15 and 2
 10–5, find the minimum total number of beds "c" for which the optimal division
of the number of beds is possible (see example 4).
Finding the optimal number of reserved beds. We developed a Mathe-
matica program that will output the values of 1 and  2 for any values of arrival
and service rates for different capacities of the facility. The obtained results are
illustrated below.
Mathematica program. The Mathematica program used for the calculations
and one sample output are given below. The input values for the Mathema-
tica program are: k (= n + m), 1,  2, 1, 2 and the number of iterations in the
"Do" loop.
The Mathematica Program: k 30,
 1 6,
  2 3,
  1 2 1/ 2
 

1 6;
  2 3;
 1 1 2
 / ;  2 1 2
 / ; k = 35;
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TableForm[Partition[Platten[
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N[temp]], {3}], (3, 4)]
Output. Total number of beds c = m + n = 30, the probability of refusal in
service of non-urgent patient is 1 and the probabilities of refusal in service of
urgent patient is  2.
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Sample Mathematica output:
m
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
00001267
1
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

82
0000331055
0000686448
000131175
00023938
000421
.
.
.
.
. 514
000718351
00118571
00189566
00293539
00440297
0
.
.
.
.
.
.
.
.
.
.
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0639965
00901967
0123388
0164042
0212266
000012
2
6782
00000845248
00000563561
00000375793
000002506
.
.
.
. 38
00000167226
00000111641
746057 10
499345 10
6
6
.
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103955 10
7
6
6
6
6
.
.
.
.
.
 
 
 
 




14515 10
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35034 10
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7
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Example 1. (An optimal solution can be found). A 35-bed pediatric depart-
ment of a hospital serves arriving urgent and non-urgent patients. It is necessary
to determine whether it is possible to divide the total number of beds into two
parts m and n, m + n = 35, according to the service discipline mentioned above
in section 4 such that
(a) the probability of the refusal of urgent patients 2 is less than 10
–5 and
(b) more than 85 % of the non-urgent patients are served (i.e. 1< .15).
Suppose that statistical analysis shows that the stochastic processes of arriv-
ing patients and their service times can be described by Poisson distributions
with parameter 1 = 6,  2 = 3 and exponential distributions with  1 2 1 2
 
 / ,
respectively. Using the Mathematica program and formulas (1) and (2) we obtain
that m = 7 meets our criteria of optimality (Table 1).
Therefore, the optimal division of the total 35 beds is: the number of beds for
urgent patients is 7 and the number of beds for non-urgent patients is 28.
In this case the probability of the refusal of non-urgent patients will be1=
= 0.0118571 and the probability of the refusal of urgent patients will be  2 =
= 7.46057 10–6.
Example 2. (An optimal division does not exist). In some cases an optimal
division of the total number of beds that satisfies the given conditions does not
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exist. For example, consider a 40-bed cardiology department of a hospital. Sup-
pose1 = 12,  2 = 8, 1 1 2
 / and 2 1 3
 / . The computed values of the proba-
bilities of the refusals of the non-urgent and urgent patients for this case are
given in the Table 2 below. It is clear from the Table 2 that in this case, it is not
possible to find an optimal division of beds satisfying the given criteria.
A Queueing Approach in Determining Optimal Number of Beds in a Hospital Serving Urgent
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Number
of reserved beds m
Probability of refusal
of non-urgent patients 1
Probability of refusal
of urgent patients 2
0 0.224392 0.224392
1 0.336999 0.126375
2 0.408457 0.0759919
3 0.4613925 0.0477473
4 0.505033 0.0310328
5 0.54367 0.0207582
6 0.579445 0.0142538
7 0.613467 0.0100339
8 0.646304 0.00723672
9 0.678226 0.00534589
10 0.709335 0.00404448
11 0.739623 0.00313364
12 0.769015 0.00248628
13 0.797383 0.00201974
14 0.824564 0.00167946
15 0.850364 0.0014288
Table 2. Optimality is not achieved for anym;m + n = 40, 1 = 12, 2 = 8, 1 1/  = 2, 1 2/  = 3
Number
of reserved beds m
Probability of refusal
of non-urgent patients 1
Probability of refusal
of urgent patients 2
0 0.000126782 0.000126782
1 0.000331055 0.0000845248
2 0.000686448 0.0000563561
3 0.00131175 0.0000375793
4 0.0023938 0.0000167226
5 0.00421514 0.0000167226
6 0.00718351 0.0000111641
7 0.0118571 7.46057  10!
8 0.0189566 4.99345  10!
Table 1. Optimality is achieved whenm = 7,m + n = 35, 1 = 6, 2 = 3,1 1/  = 2,1 2/  = 2
Therefore, we conclude that in this case a 40-bed facility for cardiology de-
partment is not large enough to adequately serve the cardiology needs of the lo-
cal community.
Example 3. (Finding the minimum number of beds for which the optimal
solution exists.) In example 2, we saw that the number of beds in the facility is
not large enough to get the optimum division of the total number of beds. In this
situation, it is important to find how many beds the facility should have so that
the optimum division of the number of beds is possible. In the following exam-
ple, we consider this problem. Solving optimization problem for different values
of c, c = m + n, we conclude that the minimum number of beds in this depart-
ment for which the optimal division is possible is c = 61 (Table 3).
In this case, m = 11 and n = 50 and the probability of refusal of non-urgent
patients will be 1 = 0.144832 and the probability of refusal of urgent patients
will be  2 = 7.08885  10
–6.
Example 4. (The optimal solution can be achieved with fewer numbers of
beds.) In some cases, the optimal solution can be achieved with fewer numbers
of beds than those available in a department. Our approach enables us to reduce
the number of beds without loosing the quality of service (see optimization crite-
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Number
of reserved beds m
Probability of refusal
of non-urgent patients 1
Probability of refusal
of urgent patients 2
0 0.0104001 0.0104001
1 0.0185131 0.00522724
2 0.0261056 0.00263804
3 0.0341019 0.00133646
4 0.04301 0.000679823
5 0.0531225 0.000347382
6 0.0646132 0.00017843
7 0.0775838 0.0000921937
8 0.0920877 0.0000479572
9 0.108142 0.0000251359
10 0.125735 0.0000132864
11 0.144832 7.08885  10–6
12 0.165378 3.82113  10–6
13 0.187305 2.08279  10-6
14 0.210531 1.149  10–6
15 0.234967 6.42091  10–6
Table 3. Finding minimum number of beds for which optimal solution exists,
m + n = 61, 1 = 12, 2 = 8, 1 1/  = 2, 1 2/  = 3
ria 2). Consider, for example, an Ob-gyn department of a hospital with the total
number of beds m + n = 85, and parameters 1 = 10, 2 = 7,1 1/ = 3.5, 1 2/ =
= 2.5. In this case the calculations show that the chosen criteria of optimality
(1 .15 and 2  10
–5) is satisfied even without any reserved beds (i.e. m = 0). It
follows that to meet the conditions of optimality we do not need any reserved
beds which means that the number of beds in the department is not optimal (in
fact, it is too large; see Table 4) and can be reduced without reducing the quality
of service.
Calculations using Mathematica program show that the total number of beds
in this situation can be reduced to 71 without reducing the quality of service.
When c = 71, m = 7 and n = 64 and the probability of refusal of non-urgent pa-
tients will be1 = 0.011715 and the probability of refusal of urgent patients will
be  2 = 6.60387 10
–6 probability (Table 5).
Remark 1. It follows from Examples 2, 3 and 4 that the approach developed
in this paper makes it possible to solve another kind of optimization problems
important in hospital practice (see Optimization Problem 2, Service discipline
A Queueing Approach in Determining Optimal Number of Beds in a Hospital Serving Urgent
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Number
of reserved beds m
Probability of refusal
of non-urgent patients 1
Probability of refusal
of urgent patients 2
0 1.24183  10–6 1.24183  10–6
1 2.75963  10–6 6.27188  10–7
2 5.01244  10–6 3.16762  10–7
3 8.59926  10–6 1.59981  10–7
4 1.43947  10–5 8.0799  10–8
5 2.37183  10–5 4.08079  10–8
6 3.85624  10–5 2.06103  10–8
7 6.19030  10–5 1.04094  10–8
8 9.81213  10–5 5.25745  10–8
9 0.000154 2.65541  10–9
10 0.000237 1.34122  10–9
11 0.000362 6.77461  10–10
12 0.000545 3.42213  10–10
13 0.000809 1.72882  10–10
14 0.001185 8.73489  10–11
15 0.001714 4.41415  10–11
Table 4. The facility already has excess number of beds, m + n = 85, 1 = 10,
2 = 7, 1 1/  = 3.5, 1 2/  = 2.5
and Example 4). Namely, given the optimality conditions, we can find the mini-
mum number of total beds in the department for which the desired level of ser-
vice can be achieved. For example, in the situation of Example 2, we cannot
achieve the desired level of service because the number of beds in the depart-
ment is not large enough to provide needed parameters of service. However, the
situation may be improved if the number of beds is at least 61. Therefore, m + n=
= 61 is the minimum number of beds for which the required level of service (1
 "15 and  2 #
–5) can be achieved.
Remark 2. The service policy described in this paper "one-threshold level
admittance policy rule" can be generalized to the case where the total number of
patients arriving to the hospital is divided into three or more categories. Con-
sider, for example, two-threshold level admittance policy rule. In this case, the
arriving customers are divided into three categories: non-urgent, urgent and ex-
tremely urgent. Suppose also that there are two numbers m and s such that if at a
moment of a patient’s arrival the number of occupied beds is r, and r < n, then
the patient is immediately accepted for service no matter to which category he
belongs. However, if n  r < n+m then the patient is accepted for service only if
he is an urgent patient of the first or second category. Finally, if n+m r < n + m + s
L. Abolnikov, T. M. Zachariah
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Number
of reserved beds m
Probability of refusal
of non-urgent patients 1
Probability of refusal
of urgent patients 2
0 0.000776988 0.000776988
1 0.00150747 0.000392569
2 0.00233971 0.000198415
3 0.00338495 0.000100326
4 0.00474236 0.0000507547
5 0.00651151 0.000025694
6 0.008798 0.0000130187
7 0.011715 6.60387  10–6
8 0.0153823 3.35474  10–6
9 0.0199238 1.70731  10–6
10 0.0254634 8.70867  10–7
11 0.0321205 4.45446  10–7
12 0.0400052 2.28607  10–7
13 0.0492138 1.1779  10–7
14 0.059825 6.09754  10–8
15 0.0718969 3.17353  10–8
Table 5. Reducing the number of beds so that the optimal solution is still possible,
m + n = 71, 1 = 10, 2 = 7, 1 1/  = 3.5, 1 2/  = 2.5
the arriving customer is accepted for service only if he is an extremely urgent pa-
tient. If r = n + m + s, then the arriving customer is refused for service and leaves
the system. In this case, the problem of finding the optimal values of threshold
levels can be solved by using the approach similar to one presented in this paper.
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